Maximally entangled state can be a mixed state 
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We present mixed maximally entangled states in d®d' (d' > 2d) spaces. This result is beyond the 
generally accepted fact that all maximally entangled states are pure. These states possess important 
properties of the pure maximally entangled states in d ® d systems, for example, they can be used 
as a resource for faithful teleportation, their local distinguishability property is also the same as the 
pure states case. On the other hand, one advantage of these mixed maximally entangled states is 
that the decoherence induced by certain noisy quantum channel does not destroy their entanglement. 
Thus one party of these mixed states can be sent through this channel to arbitrary distance while 
still keeping them as a valuable resource for quantum information processing. We also propose a 
scheme to prepare these states and confirm their advantage in NMR physical system. 
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Introduction. — In the past few years much effort has 
been put into studying the entanglement of quantum sys- 
tems both qualitatively and quantitatively 2, 3]. En- 
tangled states play a central role in quantum information 
and quantum computation 0, [B[ . The maximally entan- 
gled states are especially important for quantum infor- 
mation processing such as teleportation [6|], superdense 
coding p}, quantum computation and E91 protocol 
of quantum cryptography etc. Experimentally people 
try continuously to improve the quality of the entangled 
states by entanglement distillation and purification with 
which one can create a small set of highly entangled states 
from a large set of less entangled states (pure or mixed) 
flpj ] . Generally it is believed that the quantity of entan- 
glement in a mixed state can be increased by purifying it 
toward a pure maximally entangled state which is close 
to this mixed state. The reason is simply because that 
all known maximally entangled states are pure. Actually 



Cavalcanti et al. have proved that all maximally en- 
tangled states are pure in bipartite d £g) d systems. The 
question is: Is it true that all maximally entangled states 
are pure? If a mixed maximally entangled state exists, 
does it have any advantages and how to prepare it in a 
physical system? 

In this Letter, we introduce a class of mixed states in 
d® d' (d' > 2d) Hilbert spaces which are maximally en- 
tangled. For this system, a pure maximally entangled 
state is \<j)) — $^ i=1 T^N)- It is apparent that the en- 
tanglement of a mixed state in this system can not be 
larger than this pure state. If a mixed state has the same 
entanglement quantified by a certain entanglement mea- 
sure as this pure maximally entangled state, we call it 
mixed maximally entangled state. One key application of 
the pure maximally entangled state is perfect teleporta- 
tion It is widely known if a mixed state is used, a 
quantum state will not be teleported faithfully. However, 
this is only true for case of mixed state which is not max- 



imally entangled. For mixed maximally entangled states 
presented in this Letter, we will show that a perfect tele- 
portation can be realized. We then find that for a special 
quantum channel, the decoherence does not destroy the 
entanglement of these states. Thus they can be trans- 
ferred through this channel to arbitrary distance and the 
resultant states can still be used for many quantum in- 
formation processing tasks. We also propose a physical 
system to create this kind of states and study their local 
distinguishability 

Mixed maximally entangled state. — We consider d®d' 
bipartite systems, assume d' > d without loss of gener- 
ality. The entanglement is quantified by entanglement 
of formation which is a well-accepted entanglement mea- 
sure [l2j. For a pure state \ip)ab shared by distant par- 
ties A and B, the entanglement of formation E is de- 
fined as the von Neumann entropy of either of the two 
subsystems: E(\ip) AB ) = -Tr(p A (B) log 2 Pa(b)), where 
Pa(b) = * r 'B(A)(|V')As(V'|) is the reduced density matrix. 
For a mixed state pab , the entanglement of formation is 
defined as the average entanglement of the pure states 
E(p) — inf^jJi-Efl^j)), minimized over all pure state 
decompositions p = J^iPil^di^il J2iPi = 1- 

To show the existence of the mixed maximally entan- 
gled state, we need the following two lemmas that can be 
proved easily: 

Lemma 1 A pure dx d! bipartite state \tp) is maximally 
entangled if and only if E(\ip)) = log 2 d. 

Lemma 2 p is a mixed maximally entangled state with 
respect to the entanglement measure E, if and only if all 
pure-state decompositions {pi, \ipi)} of p satisfy the con- 
ditions that E(\ipi)) — log 2 d for all i. 

We also need the following lemma. 

Lemma 3 \ip) is a d®d' pure maximally entangled state 
if and only if for arbitrary given orthonormal complete 
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basis {|m)} of the subsystem A, there exits an orthonor- 
mal basis for the subsystem B such that \ip) can 

be written in the following form, 

K>> = -^£lu>®M- (i) 

V 2—1 

Proof: If a pure state \if>) is of the form |T]), the entan- 
glement of formation is E{\%p)) — log 2 d. In terms of the 
Lemma [TJ the state is maximally entangled. 

We next prove the sufficiency condition. If the state 
\ip) is maximally entangled, from Schmidt decomposi- 
tion theorem and Lemma U \ip) can always be written 
as \1>) = ^Ei=i \V S ) ® \W,), where \V 3 ) and \Wj) are 
orthonormal basis with respect to subsystems A and B, 
respectively. Due to the orthonormal completeness of 
and {| V^)}, the orthonormal basis Vj can also be 
represented as Vj — E;=i Uji\lA), where U, with entries 
Uji, is a unitary matrix. The bipartite pure state can 
be then written as \ip) = -±= Ej=i Ei=i Uji\iA) ® \Wj)= 

^E?=ilu) ® (E-=i^l^i» = ^E?=ilu) ® M, 

where we have set = E;=i which is just 

an orthonormal basis. □ 

We now give an example of mixed maximally entangled 
state of 2 <g> 4 bipartite systems, (| ipi ) (ipi \ + \tp2) (ip2 | ) , 
where = (|00) + |H>) and |^ 2 ) = -*-(|02) + |13)) 
are both 2x4 maximally entangled pure states. Suppose 
that {qi, \4>i}} is an arbitrary pure-state decomposition 
of p, p = E* Then the general decomposi- 

tion \4>i) can be given by \4>i) = Ua\ipi) + f^l^a) with 

|C/,i| 2 + |C/ l2 | 2 = 1 M- We have p^ = tr B {\<t>i){<t>i\) = 
i(|0)(0| + |1)(1|), and = 1. Therefore, p AB is a 

mixed maximally entangled state by the Lemma [21 

Generally we can obtain the following theorem about 
mixed maximally entangled states. 

Theorem 4 A d®d! (d' > 2d) bipartite mixed state p is 
maximally entangled if and only if 

P=^2,Pm\^m){i>m\, X/Pm = 1, (2) 
m m 

w/iere |^ m )=-^= £\ =1 |j) (g) |i m ), and {\i m )} are or- 

thonormal basis of the subsystems A and B respectively, 
satisfying (j n \i m ) = S^8 nm . 

Proof: If the mixed state p has the pure-state 
decomposition @, then there exists a set of co- 
efficients {x nm } such that a general decomposition 
{?m |«>n)} of p is given by \w n ) = ^2 m x nm \ij) m ), n 
1 / with ^2 m \x nm \ 2 = 1. One can check that 

=Tr B |w„)<W„| =Em, m ' ^mC' Tr B ( I VVnXVw | )= 
2 'Yum.m 1 x nmX nm ,S mm i Ei=l K)(*l = 3 Em l^nml 2 ^ = 3^- 

We obtain E(\w n )) = log 2 rf for an arbitrary pure-state 



decomposition {q n , \w n )} of p. Therefore from LemmaQ] 
and Lemma [2] we deduce that the mixed state p is maxi- 
mally entangled. 

If the d x d' bipartite mixed state p is maximally 
entangled, then in terms of Lemma [2] all states in the 
pure state decomposition of p are maximally entangled. 
Hence, the eigenvectors of p are also maximally entan- 
gled. In terms of Lemma[3]the eigenvectors of p are of the 
form, \v m ) = V^TsEiLi K) ® \4>im), where p m is the 
mth eigenvalue, {\i}} and {|</>i m )} are orthonormal basis 
of subsystems A and B respectively, i.e., {4>jm\4>im) = 
Sij. Then a general decomposition {q n , \u n )} of p is 
given by, \u n ) = E m =i U nm \v m )/^= ^- E i= i K) ® 

(Em=l^nW^I^™)/v^) = 73EiLll*) ® n = 

1,...,L Here |$ in ) = ^2 m=1 U nmy /p^\(f) im )/y/q^, k 
is the rank of pas, and (U) nm = U nm is an ^ x I 
unitary matrix with / > k. Because of the maxi- 
mal entanglement in \u n ), the state |$j n ) is orthonor- 
mal with respect to i. Then we can get ($m|$jn) = 

Em.m' U nm U* m ,y/p m Pm'(^im'\^jm,)/qn = Sij. DuetO 

the arbitrariness of the unitary U, one can obtain that 
(<t>im'\<t>jm) — for j ^ i and m 7^ to', and (i m |w) = 
for to 7^ to' by choosing proper coefficients U nm [l3j |. 
This conclusion gives rise to that {4>jm'\4>im) = SijS mm >, 
which implies that the dimension d! of subsystem B must 
be greater or equal to 2d. 

Therefore, a d x d! [dl > 2d) bipartite mixed state p 
is maximally entangled if and only if it has the form Eq. 
©. □ 

Remark. For other entanglement measures such as neg- 
ativity [H|], the theorem also holds. From the theorem 
we see that, if the rank of a mixed maximally entangled 
state p of d ® d' system is k, d' must be greater or equal 
to kd. For the case k = 1, p becomes a maximally entan- 
gled pure state. It is also an evidence that there do not 
exist mixed maximally entangled states in d <g> d systems 

Teleportation with mixed maximally entangled state. — 
The mixed maximally entangled states can be used for 
quantum teleportation, one of the most important ex- 
amples of quantum information processing, where an un- 
known quantum state is transferred form one place to an- 
other by local measurement on previously shared entan- 
glement and classical communication between the sender 
and the receiver. Among entangled states, the pure max- 
imally entangled state can perform faithful teleportation. 
Now we show that the mixed maximally entangled state 
in the above section can also be used as a perfect tele- 
portation resource. 

Suppose Alice and Bob initially share a pair of parti- 
cles, Ai and B, in a mixed maximally entangled state of 
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2d® d system, 



Xa 2 b 



1 d 



Alice wants to send an unknown state of particle A±, 
\4 ) )a-i = Si=i a i\i)An to Bob by performing a complete 
von Neumann measurement in the generalized Bell states 
on the joint system of particles A\ and A2 and informing 
Bob the result of measurement by classical communica- 
tion. 

First, we define some operators so as to obtain the 
generalized Bell states [l^]. Let h and g be d x d matri- 
ces such that h\j) = |(j + l)mod d), g\j) = with 
lu = cxp{— 2in/d}. We can introduce d 2 linear indepen- 
dent d x d matrices U s t = h l g s . One can check that 
{U s t} satisfy the condition of basis of the unitary oper- 
ators in the sense of [lf|, i.e., Tr(£/^ t/j, t ,) = dStt'S SS ', 
and U s tUl t — Idxd, where Idxd is the d x d identity 
matrix. {U s t} form a complete basis of d x d matrices, 
namely, for any d x d matrix W, W can be expressed as 
W = \ J2 S t ^{UstW^st- From U st we can construct 
2d 2 generalized Bell states: 



\$ l st ) = -=U st ®lJ2\hi) 

v i—1 

1 d 

) = -j=U st ®I^\i,d + i) 



(3) 



i=l 



{|$^ t ), I'l'st)} are maximally entangled states and form a 
complete orthogonal normalized basis of d® 2d system, i. 
e - E s ,t,i \®U)(Kt\ = i a 1 a 2 , where I Ai a 2 is the 2d 2 x 2d 2 
identity matrix. 

The initial state of the three particles, A\, A2 and B, 
can be rewritten as: 

W)Ai{iI>\®XA % b 
(i 



2~d E [ a kai\k,i,i)(l,j,j\ 

i,j,k,l—l 

+a k a*\k,d + i,i)(l,d + j,j\ 

Y d E [l^>W*&*l®ai 

s,t,s' ,t' 

+\<$> 2 t )A lA2 {<s>i t i\®ui t \4>) B {ms>f 



>stW)B\ 



\u s , t > 



(4) 



The last equation is obtained by using (|3|). 

To tclcport the unknown state \4>)a 1 to Bob, Alice can 
make a complete von Neumann measurement using the 
states {|$st)} on the joint system consisting of particles 
A\ and Ai- Then she announces her measurement result, 
s, t and i, to Bob via classical communication. Bob can 
then transform the state of his particle into 1*0)^4.1 by 
applying the corresponding operation U s t- This means 



the mixed maximally entangled state xa 2 b can also be 
used as a resource for perfect teleportation. 

This is different from the usual concept in which the 
general mixed state p in d ® d system can not be used to 
teleport an unknown state \ip) in d-dimension with unit 
fidelity [HEzl. 

Since the fully entanglement fraction of a 
mixed state p is F{p) = max. u ($\{I®U' s )p{I®U)\<&) < 1, 
where |<£>) = \i, i), hence the optimal fidelity of 

teleportation f ma x(p) = d d+\ + JTT 1S ^ ess t nan one. 

The preparation of the mixed maximally entangled 
states and the quantum channel which does not destroy 
the entanglement of these states. — The mixed maxi- 
mally entangled state can be realized in a physical sys- 
tem. For example, consider the ground state of an ana- 
logue Heisenberg XXZ chain system of a spin-^ nucleus 
and a spin-| nucleus, \ip) = 1/1/2 (| 01) - |10>). Sup- 
pose the Hamiltonian of the system can be expressed as: 
H = J{SfS% + §![§$) + ASfSf, A > J > 0, where 
§1 and §2 are the spin operators of the spin-i nucleus 
and the spin-| nucleus respectively. If \tp) is the ini- 
tial state, under the single-sided operator on the second 
subsystem with Kraus operators Mi = 1/2 and M2 = 
1/2 ( J 0) (2 1 + 1 1 ) (3 1 + 1 3) ( 1 1 + 1 2) (0 1 ) , the final state becomes 
p' = (7®M 1 )|^)(^|(7®M 1 t ) + (70M 2 )|V)(V'|(i"8)M 2 t ) = 
±[(|01) - |10))((01| - (10|) + (|03) - |12))«Q3| - (12|)], 
which is a mixed maximally entangled state. 

This state may be realized in MMR system. The mate- 
rial used can be isotope iV15 in which the nuclear spin is 
1/2 and the external electron spin is 3/2 thus constitute 
a 2 (g) 4 system. Or we may choose material HC2 in which 
H is spin-1/2 and two isotope C13s provide spin-3/2 thus 
we still have a 2 ® 4 system |18| . To make sure that the 
state preparation is successful, we propose to use separate 
measurements followed by comparison instead of global 
measurement which is generally more difficult. The mea- 
surements should be in both {\i)}l =0 ® {\j)}^=o basis and 
a basis with a rotation on both sides. The procedure for 
separate measurements and comparison is similar as the 
local distinguishability procedure which will be presented 
in next section. 

Due to the interactions with the environment in prepa- 
ration and transmission, the entangled pure states usu- 
ally become mixed ones and no longer maximally en- 
tangled. Recently the entanglement evolution under 
the influence of local decoherence has been studied 
extensively [3, [2(| which is useful in protocols of state 
transfer with entanglement. Considering the results in 
this Letter, we may prepare the mixed maximally en- 
tangled state as p = (1 — p)\tpi) (tjji\ + p^XV^I, where 
Hi) = Tf(lOO) + |11)), ^2) = ^(|02) + |13», p is the 
probability. Then let one subsystem undergoes a certain 
noisy channel defined as $(p) = M\pM[ + M-zpM^, the 
output state is always a maximally entangled state which 
still possesses key properties as like a pure maximally en- 
tangled state. The decoherence induced by the channel 
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does not destroy the entanglement thus the state can be 
sent to arbitrary distance. The resultant state is use- 
ful for many quantum information processing tasks like 
perfect teleportation. Note also channel $ generally de- 



creases the entanglement of states like |<I>) = J2i 



0/2. 



To realize experimentally the quantum channel $ so 
as to test the advantage of the state, we need an ancil- 
lary state. Then according to the Kraus operators of the 
channel $, perform the corresponding unitary transfor- 
mation. Finally we need to check whether the output 
state $(p) is still in form p. 

Local distinguishability of the mixed maximally entan- 
gled states. — Local distinguishability describes the prop- 
erty of states shared by distant parties which are discrim- 
inated by only local operations and classical communica- 
tion [2ll.l22|] . We start from a simple example: We have a 
set of mixed maximally entangled states {/9($ ± ), p(5' ± )}, 
where p(*±) = £(|*f)<$f| + \^){$f\), p(* ± ) = 
|(l*i~>(*i I + l*a>(*2l). here states |$±) = ^(|00) ± 
|11)), \9f) = 4=(|01)±|10» are four Bell states, and cor- 
respondingly we denote = ^(|02) ± |13», |*f ) = 
^j(|03)±|12)). We can find that any two states from this 
set can be locally distinguished with certainty, this is sim- 
ilar as the case of four Bell states. Let us explain briefly 
this result: Suppose we have two states p($ + ),p(^ + ) 
shared by parties Alice and Bob, Alice and Bob pre- 
form measurements in computation basis {|0), |1)} and 
{|i)}|=0i respectively. Without loss of generality, we 
suppose Alice makes the measurement first, and sup- 
pose also that Alice finds the state in her side is |0), the 
state in Bob's side will collapse to (|0)(0| + |2)(2|)/2 or 
(|1)(1| + |3)(3|)/2 for case p($ + ) or case p(* + ), respec- 
tively. Obviously Bob can distinguish those two states. If 
the two states are p($ ± ), Alice and Bob may make first 
a Hadamard transformation then do the measurements 
in computational basis. With classical communication, 
they can distinguish those two states. 

We then present a general result about the local dis- 
tinguishability of the mixed maximally entangled states. 
We denote Xst = 
have 



1*^X1^1 + |<^>«|), then we 



Theorem 5 Any I mixed maximally entangled states 
from the set {xst} can be distinguished perfectly by local 
operations and classical communication in case 1(1 — 1) < 
2d, here d is prime. 

The proof of this theorem is similar as the case of pure 
maximally entangled states as in 22j. We introduce the 
generalized Hadamard transformations as {H a }a=i with 
(H a )jk = uj~3 k ~ a ^i=k \ For case in this Letter, we need 
to define an extra operator H' a = H a © H a . One can 
prove that for both i = 1,2, we have (I ® Hj)\$\ t ) — 
(Hj <g) J)|$* t ), where T means the matrix transposition. 
This result is guaranteed by entanglement theory. Since 



we have d different transformations H s ® H'* available, 
we can always distinguish locally any I states from set 
{Xst} when Cf = 1(1 - l)/2 < d. So the local distin- 
guishability property of states {xst} is the same as that 
of pure maximally entangled states {|$g t )}. This is also 
an interesting property for the mixed maximally entan- 
gled states. 

With mixed maximally entangled states, similar stud- 
ies can be made for other information processing tasks 
such as superdense coding, quantum computation, cryp- 
tography, entanglement swapping and remote state 
preparation. 

Conclusions. — We have shown explicitly the mixed 
maximally entangled states exist in d <g> d' (dl > 2d) 
Hilbert spaces. A protocol to teleport faithfully an un- 
known d-dimensional state by resource of a mixed max- 
imally entangled state in d <g> 2d is presented. For cer- 
tain quantum channel, the induced decoherence does 
not destroy the entanglement thus these mixed maxi- 
mally entangled states can be transferred to arbitrary 
distance through this channel and still can be used for 
quantum information tasks. We also proposed a scheme 
to prepare these states in NMR physical system and a 
simple measurement method. Furthermore, it is shown 
that any I mixed maximally entangled states of the set 
{(U st <8> I)pAB{Uj t &> I)} can be discriminated perfectly 
by local operations and classical communication. 

This work was supported by NSFC under grants Nos. 
60525417, 10874235, 10674162, the NKBRSFC under 
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